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Chapter 1

Quantum Mechanics

The mathematical foundations developed in Chapter 2—Hilbert spaces, linear
operators, eigenvalue equations, and unitary transformations—provide the alge-
braic framework for quantum computing. The quantum algorithms surveyed in
Chapter 1—from Shor’s factoring algorithm to quantum simulation of molecular
systems—exploit quantum phenomena that have no classical analog. Yet between
the abstract mathematics of Chapter 2 and the practical algorithms of quantum
computing lies quantum mechanics itself: the physical theory that explains why
qubits behave as they do, why quantum gates must be unitary, and why mea-
surement irreversibly collapses superpositions. Understanding quantum mechan-
ics is not merely background knowledge but essential preparation for designing
quantum circuits, analyzing quantum algorithms, and interpreting experimental
results from quantum hardware.

This chapter develops quantum mechanics from first principles, progressing
from classical physics through canonical quantization to the postulates that gov-
ern quantum systems. We begin with the historical evolution, tracing how Heisen-
berg’s matrix formulation emerged as the first complete quantum theory, fol-
lowed by Schrödinger’s wave mechanics and other equivalent formulations. The
Lagrangian and Hamiltonian formalisms of classical mechanics provide the con-
ceptual bridge to quantum theory: these energy-based descriptions translate nat-
urally into quantum operators through canonical quantization, the systematic
procedure that converts classical dynamical variables into quantum observables.
The derivation of Schrödinger’s equation reveals the wave-particle duality under-
lying quantum behavior, connecting de Broglie’s matter waves with the differ-
ential equations governing quantum state evolution. Schrödinger’s equation, in
both time-dependent and time-independent forms, becomes the central tool for
calculating quantum states, energy levels, and transition probabilities.

The matrix formulation of quantum mechanics, developed by Heisenberg,
Born, and Jordan in 1925, proves particularly relevant for quantum comput-
ing. Where Schrödinger’s wave functions describe continuous probability distri-
butions, matrix quantum mechanics represents states as finite-dimensional vec-
tors and observables as matrices—precisely the representation used in quantum
circuits. A single-qubit state is a vector in C2, a quantum gate is a 2 × 2 unitary
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matrix, and measurement corresponds to projecting onto eigenvectors of observ-
able matrices. The quantum harmonic oscillator, solved elegantly using creation
and annihilation operators, illustrates how discrete quantum states emerge from
continuous classical motion. These ladder operators appear throughout quantum
computing: in quantum error correction codes, in quantum optics descriptions of
photonic qubits, and in theoretical analyses of quantum field theories.

The postulates of quantum mechanics, presented at chapter’s end, consolidate
these mathematical structures into physical principles. The state postulate estab-
lishes that quantum systems inhabit Hilbert spaces, justifying the vector space
framework developed in Chapter 2. The observable postulate links Hermitian
operators to measurable quantities, explaining why quantum gates must preserve
probability (hence must be unitary). The measurement postulate, incorporat-
ing Born’s rule, determines how probability amplitudes |α|2 convert to measure-
ment outcomes—the fundamental probabilistic character distinguishing quantum
from classical computing. The evolution postulate, embodied in Schrödinger’s
equation, ensures quantum dynamics are deterministic and reversible between
measurements, enabling the controlled interference that powers quantum algo-
rithms. The composition postulate introduces tensor products for multi-qubit
systems, giving rise to entanglement—the resource that enables exponential quan-
tum speedups.

Readers approaching quantum mechanics for the first time will find connec-
tions to familiar classical physics: energy conservation, momentum operators,
and Hamiltonian dynamics all persist in modified form. Those already famil-
iar with quantum mechanics from physics courses will encounter the material
reorganized with quantum computing applications in mind: emphasis falls on
discrete systems, finite-dimensional Hilbert spaces, and matrix representations
rather than continuous wavefunctions and infinite-dimensional spaces. Through-
out this chapter, we highlight how each quantum mechanical concept translates
directly into quantum computing practice: the Hamiltonian becomes the gen-
erator of quantum gate sequences, eigenstates become the computational basis
for algorithms, and unitary evolution becomes the mechanism for quantum logic
operations. By chapter’s end, the abstract postulates transform into practical
tools for understanding and implementing quantum computation.

1.1 Historical Evolution

Classical mechanics has undergone a long development process, generating mul-
tiple theoretical formulations to describe physical systems. Among the most
notable are: the Newtonian formulation, arising from Isaac Newton’s works
in his Philosophiae Naturalis Principia Mathematica (1687); the Lagrangian,
whose foundations were established by Joseph-Louis Lagrange in the 18th cen-
tury; the Hamiltonian, proposed by William Rowan Hamilton at the beginning
of the 19th century; the formulation based on the principle of least ac-
tion (or Hamilton’s principle), whose origins date back to Pierre de Fermat,
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Gottfried Leibniz, Pierre Louis Maupertuis and Leonhard Euler, and which was
later systematized by Lagrange and Hamilton; as well as the formulations of Eu-
ler, Lagrange and Jacobi, which offer complementary perspectives for solving
classical dynamics problems [8]. Each of these formulations provides a distinct
conceptual framework for analyzing and predicting the behavior of bodies in mo-
tion.

In an analogous development, quantum mechanics—which emerged in the
early years of the 20th century—also has a varied set of formulations (currently
at least nine are recognized). Among them stand out:

1. Heisenberg’s matrix formulation (1925)

2. Schrödinger’s wave function formulation (1926)

3. Feynman’s path integral formulation

4. Wigner’s phase space formulation

5. The density matrix-based formulation (related to von Neumann’s con-
tributions)

6. Second quantization (introductory to quantum field theory)

7. The variational formulation, which extends the action principle in quan-
tum contexts

8. The de Broglie-Bohm formulation (pilot wave)

9. The Hamilton-Jacobi formulation in quantum mechanics

For a more extensive discussion of these nine formulations, as well as their
implications and equivalences, the references of Styer et al. in Nine Formulations
of Quantum Mechanics [15] may be consulted.

A Historical Glimpse at the Matrix Formulation

The first quantum formulation to see the light was the matrix one, developed
by Werner Heisenberg and published in June 1925 in the article Über quanten-
theoretische Umdeutung kinematischer und mechanischer Beziehungen. Subse-
quently, Max Born and Pascual Jordan made essential contributions to formalize
the interpretation and mathematical structure of this theory. Barely six months
later, in January 1926, Erwin Schrödinger presented his formulation based on the
wave function, inaugurating the so-called "wave mechanics."

In Heisenberg’s formulation, each physical observable—for example, position,
momentum and energy—is represented mathematically by matrices, which in
the modern language of quantum mechanics are called operators. More strictly
speaking, these are linear operators (generally Hermitian) that act on a state
space, commonly identified with a Hilbert space.
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Representation of States and Observables

For a quantum system with N basis states, an observable is associated with
a Hermitian square matrix of dimension N × N . A quantum state, described
by a vector |ψ⟩, is represented as a column matrix of dimension N × 1. Any
magnitude we wish to measure, denoted by A, is described with the operator Â.
The expectation value of A in state |ψ⟩ is calculated through the inner product:⟨︂

ψ | f(Â) | ψ
⟩︂
,

where f(Â) is a function of operator Â, which could simply be Â or some algebraic
combination of operators.

The importance of this matrix vision lies in the fact that the concept of
eigenvectors and eigenvalues becomes central to the physical interpretation of
the theory. The operator corresponding to the energy observable is called the
Hamiltonian, represented by Ĥ. The temporal evolution of any operator Â is
given by the so-called Heisenberg equation:

dÂ

dt
= − i

ℏ

[︁
Â(t), Ĥ

]︁
+ ∂Â

∂t
. (1.1)

This result contains the operator dynamics: the first term on the right side
explains unitary evolution (generated by Ĥ), while the second term represents
the possible explicit time dependence in Â.

Throughout this chapter—and the book in general—we will delve into the
principles governing quantum dynamics and how each of these formulations fits
into the general framework of the theory. However, from a historical point of view,
we have introduced here the basic elements of Heisenberg’s matrix formulation,
which marked the formal beginning of quantum mechanics and opened the way
for the other interpretations and formulations that followed.

1.2 Energy and the Lagrangian Function of a System

Energy, as a fundamental physical quantity, plays a central role in both classi-
cal and quantum mechanics. In classical physics, energy conservation emerges
from the time-invariance of physical laws—a profound connection established by
Emmy Noether in 1918. Noether’s theorem demonstrates that every differen-
tiable symmetry of a physical system corresponds to a conserved quantity. Time
translation symmetry (the invariance of physical laws under time shifts) implies
energy conservation. Rotational symmetry in three-dimensional space, character-
ized mathematically by the SO(3) group, implies conservation of angular momen-
tum. Spatial translation symmetry implies momentum conservation. This deep
relationship between symmetries and conservation laws permeates all of physics,
from classical mechanics through quantum field theory [11].

Noether’s theorem provides the conceptual foundation for understanding why
certain quantities remain constant during the evolution of physical systems. In
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quantum mechanics, these conserved quantities correspond to Hermitian opera-
tors that commute with the Hamiltonian. The Hamiltonian itself—representing
the system’s total energy—generates time evolution through Schrödinger’s equa-
tion. For isolated quantum systems, energy eigenstates evolve only in phase,
preserving their energy values indefinitely. This connection between classical
conservation laws and quantum operators is formalized through canonical quanti-
zation, the procedure we develop later in this chapter that systematically converts
classical dynamical variables into quantum observables.

The mathematical description of classical mechanics through energy functions—
specifically the Lagrangian and Hamiltonian formulations—provides the natural
pathway to quantum mechanics. Rather than describing motion through New-
ton’s forces and accelerations, these energy-based formulations express dynam-
ics through scalar functions of position, momentum, and time. This reformula-
tion, while equivalent to Newtonian mechanics for classical systems, generalizes
more naturally to the quantum domain. The Lagrangian approach, developed
by Joseph-Louis Lagrange in the 18th century, uses the principle of least ac-
tion to derive equations of motion. The Hamiltonian formulation, introduced
by William Rowan Hamilton in the 19th century, expresses dynamics through
conjugate variables that translate directly into the position and momentum op-
erators of quantum mechanics. We now develop these classical formulations as
preparation for their quantum extensions.

Historical Note: The Development of Energy Concepts

The concept of energy as a unifying principle in physics emerged gradu-
ally over the 19th century, driven by technological advances and theoretical
insights that revealed deep connections between mechanics, heat, and elec-
tromagnetic phenomena.

Early Terminology and Concepts

British scientist Thomas Young first used the term energy in a lecture
at the Royal Society in 1802, developing the concept further in his 1807
lectures on natural philosophy [16]. The specific forms of energy received
distinct names over subsequent decades: Gustave-Gaspard Coriolis for-
mally introduced kinetic energy in 1829 [6], while William Rankine
coined the term potential energy in 1853 [13]. Throughout this period,
physicists debated whether energy should be considered a substance flow-
ing between systems or an abstract quantity characterizing system states—
a debate resolved only with the development of modern thermodynamics
and quantum mechanics.
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Thermodynamics and the Conservation Principle

The Industrial Revolution and the invention of the steam engine cat-
alyzed practical investigations into energy transformation and mechani-
cal efficiency. Sadi Carnot’s theoretical analysis of heat engines (1824)
established fundamental limits on thermodynamic efficiency [4]. James
Prescott Joule demonstrated experimentally that mechanical work and
heat are equivalent forms of energy (1850), establishing the quantitative
conversion factor now known as the mechanical equivalent of heat [9].
These discoveries led to the first law of thermodynamics—energy conser-
vation in thermodynamic processes.
Rudolf Clausius extended these insights by introducing entropy in
1865, the second law of thermodynamics, and the concept of irreversible
processes [5]. The study of radiant energy and electromagnetic radia-
tion culminated in the black body radiation problem. Classical physics
predicted the ultraviolet catastrophe—infinite energy emission at short
wavelengths—contradicting experimental observations. Max Planck’s
revolutionary solution in 1900, introducing energy quantization E = hν,
marked the birth of quantum mechanics [12].

Noether’s Theorem and Symmetry Principles

The deepest understanding of energy conservation emerged from Emmy
Noether’s 1918 theorem connecting symmetries to conservation laws [11].
Noether demonstrated that energy conservation holds if and only if phys-
ical laws are time-independent. More generally, her theorem establishes
that every continuous symmetry of a physical system’s action corresponds
to a conserved quantity:

• Time translation symmetry (laws unchanged at different times)
→ Energy conservation

• Spatial translation symmetry (laws unchanged at different posi-
tions) → Momentum conservation

• Rotational symmetry (laws unchanged under rotations) → Angu-
lar momentum conservation

• Gauge symmetry (phase invariance) → Charge conservation

Noether’s theorem applies across all of physics: classical mechanics, elec-
tromagnetism, general relativity, and quantum field theory. In quantum
mechanics, symmetries correspond to unitary transformations that com-
mute with the Hamiltonian, and conserved quantities correspond to Her-
mitian operators whose expectation values remain constant during unitary
evolution.
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Modern Perspective

The historical development of energy concepts reveals a progression from
practical engineering concerns (steam engine efficiency) through thermody-
namic principles to the profound symmetry-based understanding provided
by Noether’s theorem. In quantum computing, energy and its associated
operator—the Hamiltonian—remain central: quantum gates implement
unitary transformations generated by Hamiltonians, quantum annealing
exploits energy landscapes to solve optimization problems, and adiabatic
quantum computation evolves systems through Hamiltonian interpolation.
The conservation laws rooted in symmetries constrain which quantum op-
erations are physically implementable and which computational resources
can be created or preserved through quantum protocols.

1.3 Lagrangian Formulation of Classical Physics

Joseph-Louis Lagrange (1736-1813), born in Italy and naturalized in France, was
a mathematician and astronomer whose contributions spanned multiple areas,
including mathematical analysis, number theory, classical mechanics and celestial
mechanics. In 1766, thanks to recommendations from Euler and d’Alembert,
Lagrange replaced the latter at the Prussian Academy of Sciences, where, over
the next 20 years, he wrote his treatise on Analytical Mechanics. This treatise
is considered one of the most important texts in physics since Isaac Newton’s
Principia.

Before Lagrange, classical mechanics was described primarily through New-
ton’s laws, which were based on forces and accelerations. Although this approach
was effective for many problems, it proved complicated and inelegant when deal-
ing with complex systems or with non-inertial reference frames.

Lagrange, in an attempt to simplify and generalize mechanics, introduced
a new way of formulating the laws of motion. Instead of focusing on forces,
Lagrange proposed a scalar function called the Lagrangian, which depended on
the system’s generalized coordinates and their velocities. From this function,
the system’s equations of motion could be obtained using the Euler-Lagrange
equations.

Between 1772 and 1778, Lagrange worked on reformulating Newtonian me-
chanics, seeking to simplify the equations and improve calculation procedures.
This achievement gave rise to what we know today as Lagrangian mechanics, a
formulation that is not only different but also more sophisticated than Newtonian
mechanics. Its key features are:

1. Lagrangian mechanics dispenses with the individual forces acting on the
system, which allows avoiding the use of vectors and the direct sum of
forces
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2. Equations referring only to constraint forces, such as tensions or reactions,
are eliminated, involving only forces that actually contribute to the system’s
motion

3. A scalar function called the Lagrangian is introduced, from which the
system’s differential equations of motion are derived

In general terms, the generalized Newton equations can be expressed by the
following differential equation:

d

dt

(︄
∂T

∂q̇j

)︄
− ∂T

∂qj
= Qj , (1.2)

where T represents the system’s kinetic energy, qj are the generalized coor-
dinates, and q̇j their generalized velocities. The function Qj is the generalized
force, which includes both conservative and non-conservative components:

Qj = −∂V

∂qj
+QNCj , (1.3)

where V is the potential energy and QNCj represents non-conservative forces.
Lagrange defined the Lagrangian L as the difference between kinetic energy

T and potential energy V:

L(qj , q̇j ; t) = T(qj , q̇j ; t) − V(qj ; t). (1.4)

The equations of motion, known as Lagrange equations, are then derived
as follows:

d

dt

(︄
∂L
∂q̇j

)︄
− ∂L
∂qj

= QNCj , (1.5)

where QNCj represents non-conservative forces. If only conservative forces
exist, the term QNCj vanishes, thus simplifying the Lagrange equations.

This formulation not only provides a powerful tool for solving problems in
classical mechanics, but also lays the foundations for the Hamiltonian formula-
tion, which will be key in developing Schrödinger’s equation and, therefore, in
understanding quantum mechanics.

We will proceed to summarize and connect the Lagrangian formulation with
the Hamiltonian formulation, from which we will introduce Schrödinger’s equa-
tion.

Before Lagrange, classical mechanics was described primarily through New-
ton’s laws, which were based on forces and accelerations. Although this approach
was effective for many problems, it proved complicated and inelegant when deal-
ing with complex systems or with non-inertial reference frames.

Lagrange, in an attempt to simplify and generalize mechanics, introduced
a new way of formulating the laws of motion. Instead of focusing on forces,
Lagrange proposed a scalar function called the Lagrangian, which depended on
the system’s generalized coordinates and their velocities. From this function,
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the system’s equations of motion could be obtained using the Euler-Lagrange
equations.

This formulation not only provides a powerful tool for solving problems in
classical mechanics, but also lays the foundations for the Hamiltonian formula-
tion, which will be key in developing Schrödinger’s equation and, therefore, in
understanding quantum mechanics.

Historical Note: The Development of Analytical Mechanics

The evolution from Newtonian mechanics to the analytical formulations
of Lagrange and Hamilton represents one of the most profound conceptual
advances in theoretical physics. This transformation not only simplified
mechanical calculations but revealed deep mathematical structures that
would later prove essential for quantum mechanics and modern theoretical
physics.

Joseph-Louis Lagrange and the Principle of Least Action

Joseph-Louis Lagrange (1736-1813), born Giuseppe Luigi Lagrangia in
Turin, Italy, became one of the greatest mathematicians of the 18th cen-
tury. After moving to Berlin in 1766 to succeed Euler at the Prussian
Academy of Sciences, Lagrange spent twenty productive years develop-
ing his revolutionary approach to mechanics. His masterwork, Mécanique
Analytique (Analytical Mechanics), published in 1788, represented the cul-
mination of decades of mathematical innovation.
Lagrange’s key insight was to reformulate mechanics not through forces
acting on particles but through a scalar energy function—the Lagrangian
L = T − V , where T is kinetic energy and V is potential energy. This de-
ceptively simple definition enabled a complete reformulation of mechanics.
The Euler-Lagrange equations:

d

dt

(︄
∂L
∂q̇j

)︄
− ∂L
∂qj

= 0

derive all equations of motion from a single principle: the system follows
the path that makes the action integral S =

∫︁
L dt stationary.

The philosophical foundation traces back to Pierre de Fermat’s principle
of least time in optics (1662), extended by Pierre Louis Maupertuis to
mechanics as the principle of least action (1744). Leonhard Euler formal-
ized this variational approach mathematically, but Lagrange transformed
it into a complete mechanical framework. The elegance of Lagrangian me-
chanics lies in its coordinate independence: the same formalism applies
equally in Cartesian, polar, spherical, or any generalized coordinates, au-
tomatically incorporating all constraints without explicit constraint forces.
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William Rowan Hamilton and the Hamiltonian Formulation

Sir William Rowan Hamilton (1805-1865), the Irish mathematician
and physicist, extended Lagrange’s work in ways that would prove transfor-
mative for quantum mechanics. Appointed Astronomer Royal of Ireland at
age 22 while still an undergraduate, Hamilton contributed groundbreaking
work in optics, developing a wave theory that unified ray optics through his
characteristic function—work that later inspired Schrödinger’s approach to
quantum mechanics.
In the 1830s, Hamilton reformulated classical mechanics by introducing
conjugate momenta pj = ∂L/∂q̇j and constructing the Hamiltonian func-
tion:

H(q, p) =
∑︂
j

pj q̇j − L(q, q̇)

This Legendre transformation converts the Lagrangian’s second-order dif-
ferential equations in coordinates into Hamilton’s first-order equations in
phase space:

q̇j = ∂H
∂pj

, ṗj = −∂H
∂qj

Hamilton’s formulation revealed a profound symmetry between position
and momentum, treating them as equal partners in phase space (q, p).
This symmetry proves essential for quantum mechanics, where q and p
become operators satisfying [q̂, p̂] = iℏ—canonical quantization directly
translates Poisson brackets {q, p} = 1 into commutators.

The Hamiltonian and Energy

A subtle but crucial point: the Hamiltonian does not always equal the
total energy. For time-independent systems with kinetic energy quadratic
in velocities and potentials independent of velocity, the Hamiltonian coin-
cides with E = T + V . However, for time-dependent systems or velocity-
dependent potentials (such as charged particles in electromagnetic fields),
H and E differ. In quantum mechanics, this distinction becomes criti-
cal: the Hamiltonian Ĥ generates time evolution through Schrödinger’s
equation regardless of whether it equals the total energy operator.

Phase Space and Canonical Transformations

Hamilton’s phase space formulation introduced concepts essential for sta-
tistical mechanics and quantum theory. The trajectory of a system be-
comes a curve in (q, p) phase space, and the Hamiltonian defines a flow—
Hamilton’s equations describe how phase space points evolve. Liouville’s
theorem (1838) established that this flow preserves phase space volume, a
precursor to quantum mechanical probability conservation.
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Canonical transformations—coordinate changes (q, p) → (Q,P ) that
preserve Hamilton’s equation form—revealed that many different Hamilto-
nians can describe the same physics. This transformation theory directly
inspired Dirac’s approach to quantum mechanics, where unitary transfor-
mations rotate between equivalent quantum descriptions (Schrödinger vs.
Heisenberg pictures).

The Bridge to Quantum Mechanics

The transition from classical to quantum mechanics occurred primarily
through Hamiltonian rather than Lagrangian formulation. Several features
made Hamilton’s approach quantum-ready:

• Conjugate variables: The (q, p) pairs translate directly into non-
commuting operators (q̂, p̂)

• Poisson brackets: Classical {A,B} = ∑︁
j

(︂
∂A
∂qj

∂B
∂pj

− ∂A
∂pj

∂B
∂qj

)︂
be-

come quantum commutators [Â, B̂] = iℏ{Â, B̂}Poisson

• Energy as generator: Just as the classical Hamiltonian generates
time evolution via Ȧ = {A,H}, the quantum Hamiltonian generates
it via dÂ

dt = i
ℏ [Ĥ, Â]

• Hamilton-Jacobi equation: Hamilton’s work on the character-
istic function and wave fronts directly inspired Schrödinger’s wave
mechanics

When Schrödinger sought a wave equation for matter waves in 1926, he
started from Hamilton-Jacobi theory—the classical limit of wave mechan-
ics. His equation iℏ∂ψ/∂t = Ĥψ places the Hamiltonian at the center of
quantum dynamics, making Hamilton’s 19th-century formalism indispens-
able for 21st-century quantum computing.

Modern Relevance to Quantum Computing

Hamiltonian formulation remains central to quantum computing for prac-
tical reasons:
Quantum gate implementation: Physical quantum gates are imple-
mented by applying time-dependent Hamiltonians for specific durations.
A rotation gate Rz(θ) on a qubit, for instance, corresponds to evolution
under Ĥ = θ

2tσz for time t.
Adiabatic quantum computing: This paradigm explicitly evolves a
quantum system along a slowly varying Hamiltonian path Ĥ(s) from s =
0 to s = 1, where the ground state of Ĥ(1) encodes the solution to a
computational problem.



12 Chapter 1. Quantum Mechanics

Quantum simulation: The primary application of near-term quantum
computers is simulating other quantum systems’ Hamiltonian evolution—
directly exploiting the Hamiltonian formalism for computational advan-
tage.
Variational quantum algorithms: These optimize parameterized quan-
tum circuits to find ground states of problem Hamiltonians, combining
classical optimization with quantum Hamiltonian dynamics.
The 19th-century work of Lagrange and Hamilton thus provides not merely
historical background but the active mathematical framework within which
quantum computers operate. Their reformulation of mechanics through en-
ergy functions and phase space structures translated seamlessly into quan-
tum mechanics and now enables the algorithms and hardware architectures
of quantum computing.

We will proceed to summarize and connect the Lagrangian formulation with
the Hamiltonian formulation, from which we will introduce Schrödinger’s equa-
tion.

1.4 Hamiltonian Formulation of Classical Physics

The Hamiltonian description, developed by Sir William Rowan Hamilton (1805 -
1865), an Irish mathematician whose contributions encompassed optics, dynam-
ics and the theory of complex numbers and quaternions, represents a profound
and elegant reformulation of classical mechanics. His work was crucial for the de-
velopment of quantum mechanics, especially in the matrix formulation proposed
by Heisenberg, Pauli and Jordan, which we discussed in previous sections.

Consider a physical system with d degrees of freedom, whose position is de-
scribed by generalized coordinates q = (q1, . . . , qd)T . The system’s Lagrangian,
L, is defined as:

L = T − U, (1.6)

where T = T(q, q̇) represents kinetic energy and U = V = U(q) is the
system’s potential energy. The system’s dynamic evolution is described by the
Euler-Lagrange equations, which are derived from the stationarity condition of
the action functional S(q):

d

dt

(︄
∂L
∂q̇j

)︄
− ∂L
∂qj

= 0, (1.7)

where action S(q) is defined as:

S(q) =
∫︂ b

a
L(q(t), q̇(t)) dt, (1.8)
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and must reach a minimum, according to the variational principle.
Hamilton simplified this structure, transforming the Euler-Lagrange equations

into a system of first-order equations with more evident symmetry, known as
Hamilton’s equations. The Hamiltonian, H, is a scalar function that, under
certain conditions (such as in a conservative system), coincides with the system’s
total energy, that is, the sum of kinetic energy and potential energy. However,
this coincidence does not occur in all systems [8] [10].

The Hamiltonian is a function of position variables q and conjugate momenta
p, also called generalized momenta. The conjugate momentum is defined as:

pk = ∂L
∂q̇k

(q, q̇), (1.9)

where pk is the momentum associated with coordinate qk.
The Hamiltonian is defined as:

H(q, p) := pT q̇ − L(q, q̇), (1.10)

where q represents the generalized coordinates and p the conjugate momenta.
Lagrange’s equations can be reformulated as Hamilton’s equations:

ṗk = −∂H
∂qk

(p, q), (1.11)

q̇k = ∂H
∂pk

(p, q). (1.12)

and

q̇k = ∂H
∂pk

(p, q). (1.13)

In quantum mechanics, the Hamiltonian concept acquires a different inter-
pretation. While in classical mechanics the Hamiltonian is a function defined
in the system’s phase space, in quantum mechanics it is represented as a linear
operator acting on elements of Hilbert space, governing the system’s temporal
evolution through Schrödinger’s equation. This transition from classical function
to quantum operator is fundamental to understanding the dynamics of quantum
systems and will be developed in detail in subsequent sections.

This transition from classical function to quantum operator is fundamental to
understanding the dynamics of quantum systems and will be developed in detail
in subsequent sections.
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The Hamiltonian in Quantum Computing

The Hamiltonian’s role in quantum computing extends beyond its theoretical
importance as the energy operator. In quantum circuits, the Hamiltonian gener-
ates the time evolution of quantum states through the unitary operator U(t) =
e−iĤt/ℏ. Every quantum gate—whether a single-qubit rotation, a controlled-
NOT, or a multi-qubit entangling operation—can be expressed as the exponential
of some Hamiltonian acting for a specific duration. The Hadamard gate, for in-
stance, corresponds to evolving under the Hamiltonian Ĥ = π

2t(σx + σz) for time
t. Understanding which Hamiltonians are physically implementable on specific
quantum hardware platforms (superconducting qubits, trapped ions, photonic
systems) determines which quantum gates are native to that architecture and
which must be decomposed into sequences of native operations.

Quantum algorithms often exploit Hamiltonian evolution directly. The quan-
tum phase estimation algorithm, central to Shor’s factoring and quantum simu-
lation, measures eigenvalues of unitary operators e−iĤt to extract energy spectra.
Variational quantum algorithms parameterize Hamiltonians to solve optimiza-
tion problems, where the ground state of a problem Hamiltonian encodes the
solution. Quantum annealing evolves a system from an easy-to-prepare initial
Hamiltonian to a final problem Hamiltonian whose ground state solves the com-
putational task. Adiabatic quantum computation formalizes this approach, guar-
anteeing that sufficiently slow Hamiltonian evolution maintains the system in its
instantaneous ground state. In all these applications, the Hamiltonian is not
merely a mathematical abstraction but the physical mechanism through which
quantum computers perform calculations, making Hamilton’s 19th-century for-
mulation surprisingly relevant to 21st-century quantum technology.

1.5 Schrödinger’s Equation

1.5.1 Historical Context and Motivation

Erwin Rudolf Josef Alexander Schrödinger (1887-1961) shared the Nobel Prize in
Physics in 1933 with Paul Dirac, in recognition of their fundamental contributions
to the development of quantum mechanics. Schrödinger’s work built upon Louis
de Broglie’s 1924 hypothesis of wave-particle duality, which proposed that all
matter exhibits both wave and particle properties. In 1926, Schrödinger published
his seminal article in Annalen der Physik addressing the quantization of atomic
systems [14], culminating in the wave equation that now bears his name.

The path to Schrödinger’s equation combined several revolutionary insights
from early quantum theory. Max Planck’s 1900 quantization of electromagnetic
energy E = hν resolved the ultraviolet catastrophe in black body radiation. Al-
bert Einstein’s 1905 explanation of the photoelectric effect established that light
consists of energy quanta (photons) with E = ℏω, where ω = 2πν is angular fre-
quency and ℏ = h/2π is the reduced Planck constant [7]. Louis de Broglie’s 1924
doctoral thesis proposed the converse: particles possess wave characteristics with
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wavelength λ = h/p, where p is momentum [3]. Schrödinger synthesized these
ideas into a differential equation describing matter waves, providing a complete
framework for calculating atomic spectra, molecular structures, and quantum
dynamics.

1.5.2 Heuristic Motivation of the Schrödinger Equation

Unlike Newton’s second law or Maxwell’s equations, the Schrödinger equation
cannot be derived from more fundamental classical laws: it is a postulate of
quantum mechanics, justified ultimately by the agreement of its predictions with
experiment. Nevertheless, Schrödinger was guided to it by a compelling analogy
with wave physics, combined with the de Broglie and Einstein relations. We
reproduce here a heuristic argument, in the spirit of that reasoning, that makes
the form of the equation plausible. It should be read as a motivation, not a proof.

The starting point is de Broglie’s hypothesis that a free particle of definite
momentum p and energy E is associated with a plane matter wave. Using the
Einstein relation E = ℏω and the de Broglie relation p = ℏk (with ω = 2πν the
angular frequency, k = 2π/λ the wave number, and ℏ = h/2π the reduced Planck
constant), this wave can be written as

ψ(x, t) = Ae
i
ℏ
(px−Et). (1.14)

Taking the second derivative with respect to position isolates the momentum:

∂2ψ(x, t)
∂x2 = −p2

ℏ2
ψ(x, t) =⇒ − ℏ

2

2m
∂2ψ(x, t)
∂x2 = p2

2m ψ(x, t), (1.15)

while the first derivative with respect to time isolates the energy:

iℏ
∂ψ(x, t)
∂t

= E ψ(x, t). (1.16)

For a non-relativistic free particle the energy is purely kinetic, E = p2/2m.
Comparing the two expressions above, the right-hand sides coincide, and we
obtain the free-particle Schrödinger equation in one dimension:

iℏ
∂ψ(x, t)
∂t

= − ℏ
2

2m
∂2ψ(x, t)
∂x2 . (1.17)

Notice that the equation is first order in time—in contrast to the classical
wave equation of optics and electromagnetism, which is second order in time.
This difference is not incidental: it reflects that the quantum state ψ, together
with the single time derivative, already determines the future evolution, and it is
intimately tied to the complex-valued nature of ψ. (Had we instead imposed the
relativistic relation E2 = p2c2 + m2c4 on the same plane wave, we would have
arrived at the second-order Klein–Gordon equation rather than the Schrödinger
equation.)
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Generalizing to three dimensions, ∂2/∂x2 → ∇2, and adding a potential en-
ergy V (r⃗, t) so that the total energy becomes E = p2/2m + V , we arrive at the
full time-dependent Schrödinger equation:

iℏ
∂ψ(r⃗, t)
∂t

=
[︄
− ℏ

2

2m∇2 + V (r⃗, t)
]︄
ψ(r⃗, t). (1.18)

The operator in brackets is the Hamiltonian Ĥ, representing the total energy
of the system, which we examine in detail in the next sections.

1.5.3 Time-Dependent Schrödinger Equation

The time-dependent Schrödinger equation is the most general form of this funda-
mental equation in quantum mechanics. As derived in the previous section, the
equation describes how the quantum state of a system evolves over time:

iℏ
∂ψ(r⃗, t)
∂t

=
[︄
− ℏ

2

2m∇2 + V (r⃗, t)
]︄
ψ(r⃗, t) (1.19)

In this equation, the left-hand term, iℏ∂ψ(r⃗,t)
∂t , represents the temporal evolu-

tion of quantum state ψ(r⃗, t). The right side contains the Hamiltonian operator,
Ĥ, which encapsulates the system’s total energy, both kinetic and potential:

Ĥ =
[︄
− ℏ

2

2m∇2 + V (r⃗, t)
]︄

(1.20)

The time-dependent Schrödinger equation can be rewritten in terms of the
Hamiltonian as:

iℏ
∂ψ(r⃗, t)
∂t

= Ĥψ(r⃗, t) (1.21)

This formulation is fundamental for describing the dynamics of a simple non-
relativistic particle. In it, the wave function ψ(r⃗, t) provides all possible informa-
tion about the system’s state, and its temporal evolution is completely determined
by the Hamiltonian Ĥ.

The wavefunction ψ(r⃗, t) contains complete information about the particle’s
quantum state at each instant. Its squared modulus |ψ(r⃗, t)|2 gives the probability
density for finding the particle at position r⃗ at time t, consistent with Born’s rule
introduced in Chapter 2.

The Hamiltonian operator Ĥ generates time evolution. For time-independent
Hamiltonians Ĥ = − ℏ2

2m∇2 + V (r⃗), the formal solution is:

ψ(r⃗, t) = e−iĤt/ℏψ(r⃗, 0) = Û(t)ψ(r⃗, 0), (1.22)

where Û(t) = e−iĤt/ℏ is the unitary time-evolution operator. This exponen-
tial operator, while formal, underlies quantum circuit dynamics: quantum gates
implement finite-time evolution under specific Hamiltonians. The unitarity of
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Û(t) ensures probability conservation:
∫︁

|ψ(r⃗, t)|2d3r remains constant, reflecting
the fact that the particle must be found somewhere with total probability one.

For systems with explicitly time-dependent Hamiltonians Ĥ(t)—common in
quantum control and gate implementations—the time evolution becomes more
complex, generally requiring time-ordered exponentials. Quantum optimal con-
trol exploits time-dependent Hamiltonians to steer quantum states along desired
trajectories while minimizing errors and decoherence.

1.5.4 Time-Independent Schrödinger Equation

The time-independent Schrödinger equation describes wave functions in the form
of stationary waves. This equation is applicable only when the system’s Hamil-
tonian does not explicitly depend on time. The form of the equation is:

Eψ = Ĥψ (1.23)

When the Hamiltonian operator Ĥ acts on a wave function ψ, the result is
proportional to the same wave function, indicating that ψ is a stationary state.
The proportionality constant is the energy of state ψ, denoted by E.

This equation is an eigenvalue equation, where E represents the eigenval-
ues associated with the system’s quantum states. When the Hamiltonian has
no explicit time dependence, Ĥ = Ĥ(r⃗), we can separate variables by writing
ψ(r⃗, t) = ϕ(r⃗)T (t). Substituting into the time-dependent equation yields:

iℏϕ(r⃗)dT (t)
dt

= T (t)Ĥϕ(r⃗), (1.24)

iℏ

T

dT

dt
= 1
ϕ
Ĥϕ = E, (1.25)

where E is a separation constant with dimensions of energy. The temporal
part gives T (t) = e−iEt/ℏ, while the spatial part yields the time-independent
Schrödinger equation:

Ĥϕ(r⃗) = Eϕ(r⃗). (1.26)

This eigenvalue equation determines the allowed energy levels En and cor-
responding stationary states ϕn(r⃗). These eigenstates have the crucial property
that their time evolution consists only of a phase factor:

ψn(r⃗, t) = ϕn(r⃗)e−iEnt/ℏ. (1.27)

The probability density |ψn(r⃗, t)|2 = |ϕn(r⃗)|2 is time-independent, justify-
ing the term "stationary state." All measurable properties (position expectation
values, momentum distributions) remain constant for a system in an energy eigen-
state.
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In one dimension, the time-independent Schrödinger equation is written as:

− ℏ
2

2m
d2ψ

dx2 = Eψ (1.28)

By solving this equation, it follows that the particle’s energy is quantized,
and is given by:

E = ℏ2

2m

(︃
nπ

L

)︃2
(1.29)

where n = 1, 2, 3, . . . .
This result indicates that if an electron is confined in a small box, its wave

properties can be calculated, and Schrödinger’s equation predicts the existence
of discrete energy levels for the electron. For a particle in a one-dimensional box
of length L with infinite potential walls, solving equation (1.26) with boundary
conditions ϕ(0) = ϕ(L) = 0 yields:

ϕn(x) =
√︃

2
L

sin
(︃
nπx

L

)︃
, n = 1, 2, 3, . . . , (1.30)

En = n2π2ℏ2

2mL2 . (1.31)

Energy quantization emerges naturally from boundary conditions, demon-
strating why confined quantum systems possess discrete energy spectra. This
principle underlies atomic energy levels, molecular orbital structures, and quan-
tum dot confinement—all exploited in various quantum computing platforms.

1.5.5 Modern Formulation of Schrödinger’s Equation

In the modern formulation of quantum mechanics, Dirac notation is used to de-
scribe the state of a quantum system at time t, denoted as |ψ(t)⟩ in a complex
Hilbert space. This state |ψ(t)⟩ encapsulates all the necessary information to cal-
culate the probabilities of possible measurement results performed on the system.

The temporal evolution of the quantum state is governed by Schrödinger’s
equation, which in its modern form is expressed as:

Ĥ |ψ(t)⟩ = iℏ
d

dt
|ψ(t)⟩ =

(︄
P̂ 2

2m + V (ˆ⃗r, t)
)︄

|ψ(t)⟩ (1.32)

In this equation, Ĥ is the Hamiltonian operator, which can generally depend
on time and represents the observable corresponding to the system’s total energy.
ˆ⃗r is the position operator, and P̂ is the momentum or impulse operator. These
operators, together with state |ψ(t)⟩, completely define the quantum system’s
dynamics.

In the modern formulation developed by Dirac, quantum states are repre-
sented as vectors |ψ(t)⟩ in a complex Hilbert space rather than wavefunctions
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ψ(r⃗, t). This abstract notation, introduced in Chapter 2, provides elegant gener-
ality and connects directly to matrix quantum mechanics. The time-dependent
Schrödinger equation becomes:

iℏ
d

dt
|ψ(t)⟩ = Ĥ |ψ(t)⟩ , (1.33)

where Ĥ is the Hamiltonian operator acting on Hilbert space vectors. For sys-
tems with discrete basis states—the natural setting for qubits—this formulation
translates immediately to matrix equations. A single qubit state |ψ⟩ = α |0⟩+β |1⟩
evolves under Hamiltonian Ĥ according to:

iℏ
d

dt

[︄
α(t)
β(t)

]︄
= H

[︄
α(t)
β(t)

]︄
, (1.34)

where H is the 2 × 2 matrix representation of the Hamiltonian in the com-
putational basis. For multi-qubit systems with n qubits, the Hilbert space has
dimension 2n, and the Hamiltonian becomes a 2n × 2n matrix.

The Dirac formulation emphasizes that Schrödinger’s equation is fundamen-
tally a statement about how quantum state vectors evolve, independent of any
particular representation (position, momentum, energy, or computational ba-
sis). This basis-independence proves essential in quantum computing, where we
frequently transform between different representations: computational basis for
readout, eigenbasis of specific Hamiltonians for analysis, and rotated bases for
implementing certain gates. The abstract formulation also clarifies that quan-
tum evolution is linear and unitary, properties exploited throughout quantum
algorithm design.

It is fundamental to understand that Schrödinger’s equation is not derived
from more basic principles; it is a fundamental postulate of quantum mechan-
ics proposed by Schrödinger. This postulate was experimentally validated when
Davisson and Germer confirmed Louis de Broglie’s hypothesis about wave-particle
duality, as well as by numerous experimental results that coincide with Schrödinger
equation predictions.

However, this equation has its limitations. It is non-relativistic, which means
it is only applicable to particles with relatively small linear momentum. To de-
scribe relativistic particles, more advanced equations are required, such as Dirac’s
equation or the Klein-Gordon equation. Another limitation is that Schrödinger’s
original equation does not incorporate particle spin. Wolfgang Pauli general-
ized this equation in what is known as Pauli’s equation, which includes spin for
spin-1

2 particles. Paul Dirac subsequently developed an equation that not only
incorporates spin but is also consistent with relativity, known as Dirac’s equation.

Schrödinger’s equation is a vector-type equation, which means it can be
rewritten in terms of a specific basis of the state space. Throughout this book,
we will use both the standard basis and a computational basis to address specific
problems in quantum computing.

While we derived Schrödinger’s equation for specific systems (free particles,
particles in potentials), a more general question arises: given any classical sys-



20 Chapter 1. Quantum Mechanics

tem described by positions and momenta, how do we systematically construct the
corresponding quantum system? The answer lies in canonical quantization, the
algorithmic procedure that transforms classical mechanics into quantum mechan-
ics. This method, formalized by Paul Dirac in 1925, provides the bridge between
the Hamiltonian formulation of classical mechanics—with its conjugate variables
and Poisson brackets—and the operator formulation of quantum mechanics with
commutators. Canonical quantization is not merely a mathematical trick but the
systematic way to translate physical systems from classical to quantum descrip-
tions, enabling us to derive quantum Hamiltonians for any system whose classical
dynamics we understand.

1.6 Canonical Quantization

In his 1925 doctoral thesis, Paul Dirac showed that any system having a classical
description can be quantized following a process called canonical quantization.
This method allows obtaining a quantum description of the system from its clas-
sical dynamic variables, which describe the system’s state at an instant of time t.
These dynamic variables can include quantities such as energy, linear momentum,
among others.

(q1, q2, . . . , qj ; p1, p2, . . . , pj) (1.35)

We know that these dynamic variables obey first-order differential equations
in time (Euler formulation), which means that, if we know their values at an
initial instant, we can predict their evolution at any future instant t, completely
characterizing the system’s behavior.

E(t) = H(q1, q2, . . . , qj ; p1, p2, . . . , pj) (1.36)

Among all canonical variables, some play a special role: the so-called conjugate
variables, such as the pairs (qj , pj), where qj is the coordinate and pj is the
conjugate canonical momentum.

The canonical quantization process proposed by Dirac consists of replacing
each classical variable and its conjugate with a pair of quantum operators q̂j and
p̂j that do not commute, fulfilling the commutation relation:

[q̂j , p̂j ] = iℏI (1.37)

In general terms, for a system with several canonical variables:

(qj , pj) → [q̂j , p̂j ] = iℏδij (1.38)

In this way, we can describe the behavior of the quantum system associated
with a classical Hamiltonian. Recall that a system’s Hamiltonian is its energy
expressed as a function of conjugate canonical variables. By replacing classical
variables with their corresponding quantum operators, we obtain the system’s
quantum Hamiltonian, which represents quantized energy. With the quantum
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Hamiltonian, it is possible to determine all quantum properties of the system
using Dirac formalism:

Ĥ = H(q̂1, q̂2, . . . , q̂j ; p̂1, p̂2, . . . , p̂j) (1.39)

We know that the system’s quantized energies En are the Hamiltonian’s eigen-
values, and that the corresponding states ϕn constitute an appropriate basis of
the system’s possible state space:

Ĥ |ϕn⟩ = En |ϕn⟩ (1.40)

This is an eigenvalue and eigenstate equation that provides complete infor-
mation about the system’s possible states.

The time-independent Schrödinger equation, which we have discussed previ-
ously, is an example of how canonical quantization is applied. Additionally, the
temporal evolution of a quantum system is described by a first-order differential
equation based on the quantum Hamiltonian:

iℏ
d

dt
|ψ(t)⟩ = Ĥ |ψ(t)⟩ (1.41)

In canonical quantization, a fundamental question arises: How do we identify
canonical conjugate variables in a classical system? In general, these are obtained
from the system’s Lagrangian. Although in this section we use the Hamiltonian
approach, Hamilton’s classical equations precisely describe the dynamics of clas-
sical systems.

dqj
dt

= ∂H
∂pj

(1.42)

dpj
dt

= −∂H
∂qj

(1.43)

Classical Hamilton Equations for a Particle with Mass m

Consider a particle moving along the x axis with potential energy U(x). The
canonical position variable is q = x and the conjugate canonical variable is p =
mdx

dt . The system’s total energy is the sum of potential energy U(x) and kinetic
energy p2

2m , and the Hamiltonian is expressed as:

H = U(x) + p2

2m (1.44)

Hamilton’s equations are then written as:

dx

dt
= ∂H

∂p
= p

m
(1.45)

dp

dt
= −∂H

∂x
= −∂U

∂x
(1.46)
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These are Newton’s equations of motion for a particle with mass m in one
dimension, which confirms that the formalism is consistent and correct.

Canonical Quantization and Qubit systems

The canonical quantization procedure provides the systematic bridge from classi-
cal computing to quantum computing. In classical computation, bits are physical
systems (transistor voltages, magnetic domains) described by classical variables
with definite values 0 or 1. Quantum computing requires physical systems whose
classical description involves conjugate variables (q, p) satisfying Hamiltonian dy-
namics. When canonically quantized, these variables become operators (q̂, p̂) with
commutator [q̂, p̂] = iℏ, enabling superposition states α |0⟩ + β |1⟩ that have no
classical analog.

Superconducting qubits exemplify this quantization process. A supercon-
ducting circuit with capacitance C and inductance L has classical Hamiltonian
H = Q2

2C + Φ2

2L , where Q is charge and Φ is magnetic flux. These conjugate vari-
ables satisfy {Q,Φ} = 1 in classical Poisson brackets. Canonical quantization
promotes them to operators (Q̂, Φ̂) with [Q̂, Φ̂] = iℏ, and the quantum Hamil-
tonian Ĥ = Q̂2

2C + Φ̂2

2L describes a quantum harmonic oscillator. The lowest two
energy eigenstates |0⟩ and |1⟩ form the qubit computational basis. Josephson
junctions introduce nonlinearity that breaks the harmonic spectrum, isolating
these two levels from higher excitations and enabling addressable two-level quan-
tum systems.

Similarly, trapped ion qubits quantize the ion’s motional degrees of freedom
and internal electronic states. Photonic qubits quantize electromagnetic field
modes, with creation and annihilation operators â† and â governing photon num-
ber states. Spin qubits in quantum dots quantize electron spin, a purely quan-
tum degree of freedom with no classical counterpart. In every case, canonical
quantization transforms the classical physics of the hardware platform into quan-
tum operators whose matrix elements determine qubit Hamiltonians, gate imple-
mentations, and error mechanisms. The commutation relations [q̂i, p̂j ] = iℏδij
are not merely mathematical abstractions but encode the fundamental non-
commutativity underlying quantum interference, entanglement, and computa-
tional speedup.

Schrödinger’s Equation for a Particle with Mass m Moving in One
Dimension

The classical Hamiltonian for a particle of mass m moving in one dimension is
expressed as:

H = U(x) + p2

2m, (1.47)

where U(x) is the potential energy and p is the particle’s linear momentum.
Following Dirac’s approach in his 1925 thesis, we can quantize this Hamiltonian
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to obtain its quantum version:

Ĥ = U(x) + p̂2

2m, (1.48)

where p̂ is the momentum operator, and the canonical conjugate variables
satisfy the commutation relation [x̂, p̂] = iℏ.

To express Schrödinger’s equation describing this particle’s wave function
temporal evolution, we consider the representation of the momentum operator in
position space:

p̂ = −iℏ ∂
∂x
. (1.49)

Substituting this operator into the quantum Hamiltonian, we obtain the time-
dependent Schrödinger equation for wave function ψ(x, t):

iℏ
∂ψ(x, t)
∂t

=
(︄
U(x) − ℏ2

2m
∂2

∂x2

)︄
ψ(x, t). (1.50)

This equation is fundamental in the study of quantum mechanics, as it allows
calculating stationary states and energy levels in systems such as potential wells
and atoms, with the hydrogen atom being one of the best-known examples in the
first course of quantum mechanics.

Now, an interesting question arises: Why are position x and velocity v not
canonical conjugate variables? To answer this, let’s consider the following ex-
pressions:

q = x, p = mv, H = U(x) + 1
2mv

2.

Let’s write the corresponding Hamilton equations:

dqj
dt

= ∂H
∂pj

→ dx

dt
= ∂H

∂v
= mv, (1.51)

dpj
dt

= −∂H
∂qj

→ dp

dt
= −∂H

∂x
= −∂U

∂x
. (1.52)

These are not Newton’s equations for a particle in motion, which demonstrates
that x and v are not canonical conjugate variables. Instead, x and p = mv are
the appropriate conjugate variables, as established by the commutation relation
[x̂, p̂] = iℏ.
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1.6.1 Matrix Quantum Mechanics

Matrix quantum mechanics, initially proposed by Werner Heisenberg in 1925, rep-
resents one of the most significant advances in understanding quantum phenom-
ena. Heisenberg’s insight—representing physical observables as matrices rather
than functions—proved revolutionary not only for theoretical physics but also,
decades later, for practical quantum computing. Where Schrödinger’s wave
mechanics describes continuous probability distributions |ψ(x)|2 over infinite-
dimensional spaces, matrix quantum mechanics operates on finite-dimensional
vector spaces with discrete bases. A quantum system with N distinguishable
states inhabits an N -dimensional Hilbert space CN , where states are column vec-
tors and observables are N ×N matrices—precisely the mathematical structure
underlying quantum circuits and quantum algorithms.

For quantum computing, matrix formulation is not merely an alternative per-
spective but the natural language. A single qubit occupies C2 with computational

basis {|0⟩ , |1⟩}, represented as column vectors |0⟩ =
[︄
1
0

]︄
and |1⟩ =

[︄
0
1

]︄
. Quantum

gates are 2 × 2 unitary matrices: the Pauli-X gate σx =
[︄
0 1
1 0

]︄
flips computa-

tional basis states, the Hadamard gate H = 1√
2

[︄
1 1
1 −1

]︄
creates superpositions,

and phase gates Rϕ =
[︄
1 0
0 eiϕ

]︄
manipulate relative phases. Two-qubit systems

inhabit C4 with basis {|00⟩ , |01⟩ , |10⟩ , |11⟩}, and two-qubit gates are 4 × 4 uni-
tary matrices. The CNOT gate, essential for creating entanglement, is the 4 × 4
permutation matrix that flips the target qubit when the control qubit is |1⟩.

Heisenberg’s equations of motion, derived from matrix commutators, deter-
mine how quantum gates transform states. The time evolution operator U(t) =
e−iĤt/ℏ, expressed as a matrix exponential, generates quantum circuit dynam-
ics. Matrix diagonalization—finding eigenvalues and eigenvectors—corresponds
physically to measuring observables and projecting onto eigenstates. The eigen-
value decomposition central to Chapter 2’s mathematical foundations translates
directly into quantum measurement outcomes. Quantum algorithms manipulate
these matrices through carefully designed sequences: quantum Fourier transforms
implement discrete Fourier matrix products, Grover’s algorithm applies specific
unitary reflections, and variational algorithms optimize parameterized unitary
circuits. The algebraic structure of matrix quantum mechanics—commutation
relations, unitary groups, spectral decomposition—provides not merely mathe-
matical formalism but the practical toolkit for designing, analyzing, and imple-
menting quantum computations on physical hardware.

This matrix formulation is particularly well-suited to quantum computing be-
cause quantum circuits operate on discrete, finite-dimensional quantum systems.
While Schrödinger’s wave functions require integration over continuous position
spaces, matrix quantum mechanics involves only linear algebra: matrix multipli-
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cation for gate sequences, matrix diagonalization for eigenvalue problems, and
matrix exponentiation for time evolution. Modern quantum computing software
(Qiskit, Cirq, Q#) represents quantum states as complex vectors and quantum
gates as unitary matrices, simulating quantum circuits through matrix opera-
tions. Understanding matrix quantum mechanics is therefore not optional back-
ground but essential preparation for quantum algorithm development, quantum
circuit optimization, and quantum error correction—all of which fundamentally
manipulate matrices in complex Hilbert spaces.

Currently, matrix quantum mechanics is one of the most successful and widely
used interpretations in various areas of modern physics, from quantum computing
to particle physics. Its ability to accurately describe the dynamics of quantum
systems and predict experimental results with high accuracy has been crucial in
the development of advanced quantum technologies. Additionally, the algebraic
structure inherent to this formulation has allowed extending concepts to fields
such as random matrix theory and statistical physics. Matrix quantum mechanics
has not only stood the test of time, but has also proven to be an indispensable
tool in exploring the fundamental nature of reality, consolidating its position as
a cornerstone in contemporary physics.

1.6.2 Schrödinger’s Equation in Matrix Quantum Mechanics

In matrix quantum mechanics, Schrödinger’s equation is expressed using matrix
operators that act on state vectors in a Hilbert space. Instead of continuous
wave functions, quantum states are represented by vectors, and observables, such
as energy, momentum and position, are represented by matrices. Schrödinger’s
equation in this formalism continues to describe the temporal evolution of the
quantum state, but does so in terms of matrices.

The time-dependent Schrödinger equation in its general form is:

iℏ
∂

∂t
|ψ(t)⟩ = Ĥ |ψ(t)⟩

In matrix quantum mechanics, this translates to:

iℏ
∂

∂t
Ψ(t) = HΨ(t)

Here, Ψ(t) is a column vector (quantum state) in a finite-dimensional Hilbert
space, and H is the Hamiltonian operator represented as a matrix.
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1.6.3 Example: Quantum Harmonic Oscillator

Consider a quantum harmonic oscillator in a Hilbert space of dimension n, where
the Hamiltonian is given by:

H = ℏω
(︃

a†a + 1
2I
)︃

Here, a† and a are the creation and destruction operators, respectively, and I
is the identity matrix. The quantum state Ψ(t) can be expressed in the number
state basis as:

Ψ(t) =
∞∑︂
n=0

cn(t) |n⟩

Where |n⟩ are the eigenvectors of a†a, and cn(t) are temporal coefficients that
indicate the probability amplitude that the system is in state n at time t.

The matrix Schrödinger equation for this system is:

iℏ
∂

∂t
Ψ(t) = ℏω

(︃
a†a + 1

2I
)︃

Ψ(t)

1.6.4 Solution for the Harmonic Oscillator Case

The solution of the equation for each base state |n⟩ is:

cn(t) = cn(0)e−iEnt/ℏ

Where En = ℏω
(︂
n+ 1

2

)︂
are the eigenvalues of the Hamiltonian H, which

correspond to the energy levels of the harmonic oscillator.
In summary, Schrödinger’s equation in matrix quantum mechanics uses matri-

ces to represent operators and vectors to represent quantum states. This approach
allows handling finite-dimensional systems in an algebraic way and is fundamental
for applications in modern physics, such as quantum computing.

Having established that quantum states are vectors and their evolution follows
Schrödinger’s equation, we now address a crucial question for quantum comput-
ing: what mathematical structure governs how quantum states change in time?
The answer determines not only how qubits evolve during quantum computations
but also constrains which operations quantum computers can physically imple-
ment. The key insight is that time evolution must preserve the normalization of
quantum states—if a state vector has unit length at one moment, it must retain
unit length at all future moments, ensuring total probability remains one. This
preservation requirement severely restricts the form of the time evolution opera-
tor, leading to the fundamental property of unitarity that underlies all quantum
gate operations.
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Temporal Evolution of Quantum States

In quantum mechanics, we start from a set of fixed system states, but it is essential
to discuss in detail how time is considered in their evolution. Consider an initial
state |ψ⟩ that evolves in time toward a state |ψ′⟩. We assume that there exists a
linear relationship between both states, which can be expressed as:⃓⃓

ψ′⟩︁ = U |ψ⟩ (1.53)
This relationship holds for some linear operator U. The normalization condi-

tion, discussed in the previous chapter, must be preserved: ⟨ψ′|ψ′⟩ = ⟨ψ|ψ⟩ = 1.
This condition imposes restrictions on the form that operator U must have. The
corresponding equation for the dual state vector will be:

⟨︁
ψ′⃓⃓ = ⟨ψ| U† (1.54)

Combining these two equations, we obtain the fundamental restriction that
this operator of temporal evolution of quantum states must satisfy:

⟨︁
ψ′|ψ′⟩︁ =

⟨︂
ψ|U†U|ψ

⟩︂
(1.55)

Given the normalization condition, we conclude that:

U†U = I (1.56)
This defines that U is a unitary operator.
In quantum computing, qubit states are manipulated using sequences of uni-

tary transformations. Since for a unitary operator it holds that its adjoint equals
its inverse, that is, U† = U−1, and that operator U† is well defined, then the
inverse transformation, which converts the final state into the initial state, exists.
According to this, we reach a fundamental conclusion: quantum transformations
are reversible. The only exception to this rule occurs when the quantum system
is coupled to an external macroscopic instrument that can induce irreversible
changes.

The importance of this reversibility lies in the fact that, in classical com-
puting, gates that manipulate bits are irreversible, while in quantum computers,
operations are reversible, which represents a significant difference with respect to
what we know in classical computing.

In summary, in quantum computing we act on qubits with a series of discrete
unitary transformations. Thanks to the conditions imposed by these operations
and normalization, they are guaranteed to be reversible.

What is the operator U responsible for the temporal evolution of the system?
Let’s start from the time-dependent Schrödinger equation:

iℏ
d

dt
|ψ(t)⟩ = Ĥ |ψ(t)⟩ (1.57)

For this calculation, let’s assume ℏ = 1 and that operator Ĥ does not vary
with time. Integrating the previous equation, we obtain:
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|ψ(t)⟩ = U(t) |ψ(0)⟩ (1.58)

where U(t) is given by:

U(t) = e−iĤt (1.59)

Since Ĥ is a Hermitian operator, we can write:

U†(t) = eiĤt (1.60)

Finally, we can prove that:

U†(t)U(t) = eiĤte−iĤt = I (1.61)

This demonstrates that the temporal evolution operator is unitary, which
guarantees that quantum operations are reversible.

Operators

In quantum mechanics, physical quantities are not represented by functions of
velocity, position or time, but by operators. We start from the definition of total
energy of the system:

T + U = E (1.62)

For the case of the harmonic oscillator, we have:

mv2

2 + p2

2m = E (1.63)

If we multiply the first equation by the wave function ψ, we obtain:

(T + U)ψ = Eψ (1.64)

This equation is clearly equivalent to:[︄
− ℏ

2

2m∇2 + U(r⃗, t)
]︄
ψ(r⃗, t) = iℏ

∂ψ(r⃗, t)
∂ t

(1.65)

In one dimension, we can establish the following correspondence between func-
tions and operators, mediated by the previous equation, as follows:

For energy:

Ê = iℏ
∂

∂ t
(1.66)

For momentum:

p̂ = −iℏ ∂
∂ x

(1.67)
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Potential energy functions are not replaced by operators; these remain func-
tions that depend on the particular system.

In quantum mechanics, it is fundamental to speak of operators and expected
values of the quantities involved in the system, such as position, momentum,
energy, etc. The value expected to be obtained from a statistical experiment is
called the expected value, or mathematical expectation. It is also called "mean".
If p is the probability and n the number of events, the mean is µ = np. This is the
form of the mean when probability is expressed through a binomial distribution.
In an experiment with discrete results xi for which the probability is P (xi), the
mean will be given by:

µ = x1P (x1) + x2P (x2) + ...+ xnP (xn) =
∑︂

xiP (xi) (1.68)
In the case of continuous variables, where probability is expressed in terms of

a distribution function, the mean takes the form:

µ = ⟨x⟩ =
∫︂
xf(x)dx (1.69)

In quantum mechanics, the expected value of position is defined as:

⟨x⟩ =
∫︂ ∞

−∞
ψ∗(x, t)xψ(x, t)dx (1.70)

This integral can be interpreted as the average value of x that we would expect
to obtain from a large number of measurements, or as the average position value
for a large number of particles described by the same wave function.

The expected value of momentum involves representing it as a quantum op-
erator, thus:

⟨p̂⟩ =
∫︂ ∞

−∞
ψ∗(x, t)

(︃
−iℏ ∂

∂ x

)︃
ψ(x, t) dx

= −iℏ
∫︂ ∞

−∞
ψ∗ ∂ψ

∂ x
dx (1.71)

Finally, the expected value of any operator ⟨Q̂⟩ in quantum mechanics will
be:

⟨Q̂⟩ =
∫︂ ∞

−∞
ψ∗(x, t)Q̂ψ(x, t)dx (1.72)

In general, any operator Q̂ can be written in terms of operators p̂ and x̂. For
example, we can write operator v̂ as follows:

v̂ = p̂

m
= −iℏ

m

∂

∂ x
(1.73)

The expected value of velocity will then be:

⟨v̂⟩ = −iℏ
m

∫︂ ∞

−∞
ψ∗(x, t)∂ψ

∂ x
(x, t)dx (1.74)
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Commutation Relations Between Operators

In mathematics, certain objects commute under operations such as addition or
multiplication. For example, integers commute under addition and multiplica-
tion, and matrices commute under addition, but not necessarily under multipli-
cation. In quantum mechanics, operators x̂ (position) and p̂ (momentum) do not
commute with each other. Let’s demonstrate this statement:

p̂x̂ψ = p̂xψ = −iℏ ∂
∂ x

(xψ) = −iℏ
(︃
ψ + x

∂ψ

∂ x

)︃
(1.75)

On the other hand:

x̂p̂ψ = −iℏx̂ ∂ψ
∂ x

= −iℏx∂ψ
∂ x

(1.76)

From here, we conclude that p̂x̂ , x̂p̂. To formalize this difference, we define
the commutator of two mathematical operators A and B as:

[A,B] = AB −BA (1.77)

If two mathematical operators commute, then the commutator defined above
will be null, that is, [A,B] = 0. For example, if we take two numbers under
addition: [4, 5] = (4 + 5) − (5 + 4) = 9 − 9 = 0. In the case of multiplication, we
can prove it thus: [4, 5] = (4 × 5) − (5 × 4) = 20 − 20 = 0.

An interesting property of the commutator is:

[A,B] = −[B,A] (1.78)

Now, we are interested in calculating the value of commutator [x̂, p̂]. In
classical mechanics, momentum and position functions commute; let’s see what
happens in quantum mechanics:

[x̂, p̂]ψ = (x̂p̂− p̂x̂)ψ

= −iℏx∂ψ
∂ x

+ iℏ

(︃
ψ + x

∂ψ

∂ x

)︃
= iℏψ (1.79)

Canceling ψ on both sides of the equation, we obtain:

[x̂, p̂] = iℏ (1.80)

In quantum mechanics, commutators play an essential role. The essence of
quantum mechanics lies in the nature of these operators and their commutation
relations. There are formulations of quantum mechanics that begin with commu-
tation relations and, from them, define the operators, while other formulations
follow the opposite approach, beginning with operators and deriving commuta-
tion relations.
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1.6.5 Solution of the Harmonic Oscillator Using Operators

Schrödinger’s equation for the oscillator in one dimension is written as:

− ℏ
2

2m
d2ψ(x, t)
dx2 + mω2x2ψ

2 = Eψ (1.81)

In terms of the Hamiltonian, the previous equation can be written as:

Ĥψ = Eψ (1.82)

The Hamiltonian for a classical particle of mass m moving as a harmonic
oscillator with frequency ω in generalized coordinates is given by:

H = p2

2m + mω2x2

2 (1.83)

Finding a combination similar to the Hamiltonian relations, but in terms of
operators, would be advantageous. This is exactly what we will do in this sec-
tion: we will take a classic problem of quantum mechanics, such as the harmonic
oscillator, and find the operators and their solution using notation that will be
useful in the topic of quantum computing.

We define operators â and â† as follows:

â = 1√
2mℏω

(mωx̂+ ip̂) , (1.84)

â† = 1√
2mℏω

(mωx̂− ip̂) . (1.85)

We note that â† is the Hermitian adjoint (conjugate transpose) of â, not
merely its complex conjugate; the two operators do not commute, as we verify
below. Neither â nor â† is Hermitian individually, so they are not observables,
but the combination â†â is Hermitian and has real eigenvalues.

Now, let’s invert the operators in terms of x̂ and p̂:

x̂ =
√︄
ℏ

2mω (â + â†), (1.86)

p̂ = i

√︄
mℏω

2 (â† − â). (1.87)

In this way, it can be seen that operators â† and â do not commute. Using
the commutation relation [x̂, p̂] = iℏ, it can be demonstrated that [â, â†] = 1.

The Hamiltonian can be written in three different forms using the previous
relation:

Ĥ = 1
2(ââ† + â†â)ℏω =

(︃
ââ† − 1

2

)︃
ℏω =

(︃
â†â + 1

2

)︃
ℏω. (1.88)
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In terms of operators, Schrödinger’s equation for the harmonic oscillator can
be written in the following two forms:

(ââ† − 1
2)ℏωψ = Eψ, (1.89)

(â†â + 1
2)ℏωψ = Eψ. (1.90)

Here we must be careful: multiplying the previous equation by operator â†

does not produce Schrödinger’s equation, let’s see:

(ââ† − 1
2)ℏωâ†ψ , Eâ†ψ (1.91)

And the same occurs with the equation:

(â†â + 1
2)ℏωâψ , Eâψ (1.92)

This occurs because operators â and â† do not commute. The correct way to
arrive at a new Schrödinger equation by applying the operators is to add ℏωâ†ψ
on both sides of the equation, thus:

(ââ† − 1
2)ℏωâ†ψ + ℏωâ†ψ = Eâ†ψ + ℏωâ†ψ (1.93)

Which will give us as a result:

(â†â + 1
2)ℏωâ†ψ = (E + ℏω)â†ψ (1.94)

From here follows a theorem that says: if ψ satisfies Schrödinger’s equation
with energy E, then â†ψ and â satisfy the equation with energy E + ℏω and
E−ℏω respectively. The previous result can be extended as follows: if ψ satisfies
Schrödinger’s equation with energy E, then â†nψ and ân satisfy the equation
with energy E + nℏω and E − nℏω respectively.

Operators â and â† are called annihilation and creation operators.
As an example:

(â†â + 1
2)ℏωâ†â†ψ = (E + 2ℏω)â†â†ψ, (1.95)

(â†â + 1
2)ℏωâââψ = (E − 3ℏω)âââψ. (1.96)

Continuously applying operator â, the lowest energy levels are obtained, but
there is a restriction: for U = 0 and x = 0, energy cannot be E < 0; the
oscillator must have a minimum energy that we will call E0 for a corresponding
wave function ψ0, such that âψ0 = 0. Substituting in Schrödinger’s equation:
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(â†â + 1
2)ℏωψ0 = E0ψ0 (1.97)

Since â†âℏωψ0 = 0, we have that the lowest energy level is E0 = 1
2ℏω.

The process of solving this exercise can continue, but for the purposes of this
book it is sufficient to know how operators work.

A historical note: the above calculation was performed by Paul Maurice Dirac
in the 1930s, showing the use of his new braket notation. In some classical
quantum mechanics texts, this development is approached exhaustively, and it is
very interesting to observe this perspective.

The harmonic oscillator exemplifies quantum mechanics in action: energy
quantization emerges from operator algebra, creation and annihilation operators
manipulate quantum states, and the elegant formalism of Dirac notation simpli-
fies otherwise complex calculations. This specific example reveals general patterns
pervading all quantum systems. Throughout this chapter, we have encountered
recurring themes—operators representing observables, commutation relations en-
coding uncertainty, unitary evolution preserving probability, and Hermitian op-
erators guaranteeing real measurement outcomes. These are not isolated features
of particular systems but manifestations of fundamental principles governing all
quantum phenomena.

The time has come to consolidate these recurring patterns into explicit postu-
lates: the foundational axioms from which all quantum mechanics follows. These
postulates were not invented arbitrarily but distilled from experimental observa-
tions and theoretical insights accumulated through decades of quantum theory
development. They represent the irreducible core of quantum mechanics—the
minimal set of principles necessary to explain atomic spectra, chemical bonding,
solid-state physics, and ultimately, quantum computing. Understanding these
postulates transforms quantum mechanics from a collection of mathematical tech-
niques into a coherent theoretical framework with predictive power.

1.7 Postulates of Quantum Mechanics

In this chapter, we have explored the historical and conceptual evolution of quan-
tum mechanics, highlighting the matrix formulation and its relevance in modern
quantum computing. Through examples such as the harmonic oscillator and
Schrödinger’s equation, we have seen how classical physics concepts are rein-
terpreted and extended in the quantum domain through the use of operators,
commutators and canonical quantization.

Quantum mechanics not only provides a theoretical framework for describing
the behavior of particles at atomic and subatomic scales, but also establishes
the mathematical foundations for the development of new technologies, such as
quantum computing. In this context, detailed understanding of operators, tem-
poral evolution of quantum states and commutation relations is indispensable for
designing and implementing efficient quantum algorithms.
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To culminate this chapter, we summarize below the postulates that form
the core of quantum mechanics. These postulates constitute the set of rules
that govern the dynamics of quantum systems and shape the interpretation of
experiments, as well as the construction of quantum technologies.

1.7.1 Postulate 1: The Quantum State

The state of a quantum system at a time instant t is described by a vector |ψ(t)⟩
belonging to a complex Hilbert space (normally separable). This vector, called
ket, contains all accessible information about the system. A distinctive feature of
quantum mechanics is superposition: any linear combination of quantum states
is also a valid quantum state. The norm of |ψ(t)⟩ is interpreted probabilistically
and by convention is normalized to 1.

1.7.2 Postulate 2: Observables and Operators

Each observable physical quantity is associated with a linear and Hermitian (or
self-adjoint) operator, Ô, that acts on the Hilbert space. The eigenvalues of
Ô correspond to the possible results of measuring that quantity; each of these
eigenvalues can be associated with one or more eigenvectors (eigenstates). After
measurement, the system state collapses (in the Copenhagen interpretation) to
one of the eigenvectors corresponding to the measured value.

1.7.3 Postulate 3: Measurement and Born’s Rule

If an observable represented by the Hermitian operator Ô is measured in a system
whose state is |ψ⟩, the only possible result of the measurement is one of the
eigenvalues λi of Ô. Born’s Postulate establishes that the probability of obtaining
an eigenvalue λi is given by:

P (λi) =
⃓⃓
⟨ϕi|ψ⟩

⃓⃓2
, (1.98)

where |ϕi⟩ is the (normalized) eigenvector associated with λi. After mea-
surement, the system state becomes |ϕi⟩ (the eigenvector corresponding to the
measured value), assuming the so-called collapse interpretation.

Historical Note: Hidden Variables and the Interpretation of
Quantum Mechanics

The probabilistic interpretation of quantum mechanics, proposed by Max
Born and adopted in the Copenhagen interpretation, was not with-
out controversy. Many physicists, including Albert Einstein, Erwin
Schrödinger, and Louis de Broglie, questioned the idea that nature
was fundamentally probabilistic. Some of them held that the apparent
randomness of quantum mechanics was a consequence of our ignorance
about certain hidden variables that, if known, would restore a deter-
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ministic description.
Einstein expressed his skepticism toward the Copenhagen interpretation
in the famous phrase: “God does not play dice with the universe.” He and
other critics maintained that there must exist a more complete, under-
lying description of reality, in which probabilities would be the result of
incomplete knowledge about the state of the system.

Hidden variable theories. One of the first hidden variable theories was
proposed by Louis de Broglie in 1927 in his pilot wave hypothesis,
also known as de Broglie–Bohm theory. In this approach, particles have
well-defined trajectories, guided by a wave function that acts as an infor-
mational field; the wave function does not describe only probabilities, but
has an independent physical reality. Mathematically, pilot wave theory is
based on two equations:

1. The wave function ψ(r, t) obeys the standard Schrödinger equation:

iℏ
∂ψ

∂t
= − ℏ

2

2m∇2ψ + V (r, t)ψ

2. The particle’s position r(t) follows a trajectory determined by the
guidance equation:

dr
dt

= j
ρ

where j = ℏ
2mi(ψ∗∇ψ−ψ∇ψ∗) is the probability current density and

ρ = |ψ|2 is the probability density.

In the 1950s, David Bohm extended and formalized this idea, demon-
strating that it reproduces all the results of standard quantum mechanics
while maintaining a deterministic framework. Nevertheless, de Broglie–
Bohm theory never achieved widespread acceptance, partly due to the
conceptual cost of attributing physical reality to the wave function in con-
figuration space [2].

Bell’s theorem and non-locality. The debate on hidden variables
reached its culmination with the work of John Bell in 1964. Bell demon-
strated that no local and realistic hidden variable theory can reproduce all
the predictions of quantum mechanics. His result rests on mathematical
inequalities—the Bell inequalities—that any local classical theory must
satisfy, but that quantum mechanics predicts, and experiments confirm,
are violated. A standard form of the inequality (due to Clauser, Horne,
Shimony and Holt) for experiments with entangled particle pairs is:

|E(a, b) − E(a, b′)| + |E(a′, b′) + E(a′, b)| ≤ 2
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where E(a, b) is the measured correlation between the particles along mea-
surement axes a and b. The experimental violations of this bound, con-
firmed by physicists like Alain Aspect in the 1980s—work recognized
with the 2022 Nobel Prize in Physics, shared with John Clauser and An-
ton Zeilinger—support the quantum prediction that correlations between
entangled particles cannot be explained by local hidden variables [1].

Implications for quantum computing. The resolution of the hidden
variables debate matters directly for quantum computing. The confirmed
non-locality of quantum correlations establishes that entanglement—a key
resource for quantum algorithms and protocols—represents genuinely non-
classical physics rather than classical correlations with hidden parameters.
Hidden variable theories did not replace standard quantum mechanics,
but they enriched the philosophical and methodological debate in physics,
underscoring the conceptual depth of the theory whose postulates we have
just presented.

1.7.4 Postulate 4: Temporal Evolution

The temporal evolution of a quantum system is governed by Schrödinger’s equa-
tion, which in the state representation is expressed as:

i ℏ
d

dt
|ψ(t)⟩ = Ĥ |ψ(t)⟩ , (1.99)

where Ĥ is the system’s Hamiltonian operator and represents the total en-
ergy. This postulate implies that the evolution of a quantum state is continuous,
deterministic and unitary (reversible) as long as measurement does not inter-
vene. In Heisenberg’s formalism, the analogous equation describes the evolution
of operators instead of states.

1.7.5 Postulate 5: Composition of Quantum Systems

The state space of a composite system formed by two (or more) subsystems is
described by means of the tensor product of the Hilbert spaces of each subsystem.
If subsystem A is in state |ψA⟩ and another subsystem B is in state |ψB⟩, then
the joint state of the total system is represented by

|ψAB⟩ = |ψA⟩ ⊗ |ψB⟩ . (1.100)

This postulate enables the description of multiple quantum systems and gives
rise to purely quantum effects such as entanglement, which has no classical analog
and plays a fundamental role in quantum computing and quantum cryptography.

These five postulates form the basis of standard quantum mechanics, although
some texts add a sixth postulate related to the statistics of identical particles
(bosons and fermions). In any case, they constitute the conceptual scaffolding
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underlying all quantum applications, from the interpretation of experiments to
the development of emerging technologies.

In summary, the content of this chapter has offered a tour through the funda-
mental ideas of quantum mechanics and its matrix formulation, especially high-
lighting the elements that underlie quantum computing. Throughout the book,
we will continue deepening these concepts and see how they are concretely applied
in quantum algorithms and implementations.

Summary

We began by reviewing the historical evolution of quantum mechanics, highlight-
ing the main formulations, such as Heisenberg’s matrix formulation, Schrödinger’s
wave function and Feynman’s path integral. The matrix formulation, developed
by Heisenberg in 1925, is particularly important in quantum computing, where
quantum states and observables are represented by means of matrices and oper-
ators.

The derivation of Schrödinger’s equation was one of the central points of this
chapter. We started from Maxwell’s equations and derived the electromagnetic
wave equation, showing its similarity with Schrödinger’s equation for a free par-
ticle:

iℏ
∂ψ(r⃗, t)
∂t

=
[︄
− ℏ

2

2m∇2 + V (r⃗, t)
]︄
ψ(r⃗, t) (1.101)

This equation, which describes the temporal evolution of the quantum state
of a particle, is fundamental for the analysis of quantum systems.

We explored canonical quantization, a process formalized by Paul Dirac,
which allows converting a classical system into a quantum system. Through
this process, classical dynamic variables, such as position and momentum, are
replaced by operators that do not commute, fulfilling the canonical commutation
relation:

[x̂, p̂] = iℏ (1.102)

This approach is essential for constructing the quantum Hamiltonian of a
system, from which all quantum properties are derived.

We made an incursion into matrix quantum mechanics, showing how Schrödinger’s
equation can be expressed in terms of matrices and operators. This is crucial for
quantum computing, where qubit states are manipulated by means of quantum
gates represented by unitary matrices:

U†U = I (1.103)

The use of unitary matrices ensures the reversibility of quantum operations, a
distinctive characteristic of quantum computing compared to classical computing.

We studied the quantum harmonic oscillator as an example of the application
of operators in quantum mechanics. We defined the creation and annihilation



38 Chapter 1. Quantum Mechanics

operators:

â = 1√
2mℏω

(mωx̂+ ip̂), â† = 1√
2mℏω

(mωx̂− ip̂) (1.104)

and showed how these operators are used to describe the quantum states of
the oscillator and their quantized energy levels.

We concluded the chapter with a review of the fundamental postulates of
quantum mechanics, which are the theoretical basis for any quantum analysis.
These postulates define how quantum states are described, how measurements
are interpreted and how quantum systems evolve in time.

This chapter provides a conceptual and mathematical framework for under-
standing quantum mechanics from the perspective of quantum computing. As
we advance in this book, we will use these fundamental principles to explore and
develop quantum algorithms, understanding how quantum properties can be ex-
ploited to perform calculations that are beyond the reach of classical computers.

1.8 Exercises

1. Time-dependent Schrödinger equation
Consider a particle of mass m confined in a one-dimensional box of length
L with infinitely high walls. Write the time-dependent Schrödinger equa-
tion for this system and find the stationary wave functions ψn(x) and the
associated energies En. Explain what energy quantization means in this
context.

2. Lagrangian and Hamiltonian formulation
Consider a simple pendulum of length ℓ and mass m in a gravitational field
g.

(a) Write the Lagrangian L(θ, θ̇) in terms of the angle θ from the vertical
and its time derivative θ̇.

(b) Derive the equation of motion using the Euler-Lagrange equation.
(c) Calculate the conjugate momentum pθ and write the Hamiltonian

H(θ, pθ).
(d) Verify that the Hamiltonian corresponds to the total energy E = T+U

of the system.

3. Noether’s theorem and conservation laws

(a) Explain in your own words the connection between symmetries and
conservation laws according to Noether’s theorem.

(b) For a system with Hamiltonian Ĥ that is invariant under time trans-
lations, show that energy is conserved, i.e., d⟨Ĥ⟩

dt = 0.
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(c) Consider a particle moving in a central potential V (r) that depends
only on distance r from the origin. What symmetry does this system
possess? What physical quantity is conserved as a result?

(d) In quantum computing, why is the unitarity of quantum gates (which
preserves probability) related to time-translation symmetry?

4. Canonical quantization
Apply the canonical quantization procedure to a system of mass m moving
in one dimension under the influence of a quadratic potential V (x) = 1

2kx
2.

Derive the quantum Hamiltonian Ĥ of the system and discuss the difference
between the classical and quantum description of the harmonic oscillator.

5. Wave equation and de Broglie relations

(a) Starting from the electromagnetic wave equation ∇2E − 1
c2
∂2E
∂t2 = 0,

verify that E(x, t) = E0e
i(kx−ωt) is a solution, where k is the wave

number and ω is the angular frequency.
(b) Using de Broglie’s relation λ = h/p and Einstein’s relation E = ℏω,

calculate the wavelength of an electron with kinetic energy Ek = 100
eV. (Use me = 9.11 × 10−31 kg, h = 6.626 × 10−34 J·s)

(c) Explain why Schrödinger’s equation is first order in time while the
electromagnetic wave equation is second order.

6. Commutation relations
Demonstrate that the position operator x̂ and momentum operator p̂ satisfy
the commutation relation [x̂, p̂] = iℏ. Use this relation to calculate the
commutator [x̂, p̂2] and discuss its importance in quantum mechanics.

7. Operators and expectation values
Consider a particle in a one-dimensional box of length L in its ground state
ψ1(x) =

√︂
2
L sin

(︁
πx
L

)︁
for 0 ≤ x ≤ L.

(a) Calculate the expectation value of position:

⟨x⟩ =
∫︂ L

0
x |ψ1(x)|2 dx.

(b) Calculate the expectation value of momentum:

⟨p̂⟩ =
∫︂ L

0
ψ∗

1(x)
(︃

−iℏ ∂
∂x

)︃
ψ1(x) dx.

(c) Calculate the expectation value of kinetic energy:

⟨T̂ ⟩ =
∫︂ L

0
ψ∗

1(x)
(︄

− ℏ
2

2m
∂2

∂x2

)︄
ψ1(x) dx.



40 Chapter 1. Quantum Mechanics

(d) Verify that ⟨T̂ ⟩ = E1, where E1 = π2ℏ2

2mL2 is the ground state energy.

8. Quantum harmonic oscillator
Using the creation â† and annihilation â operators, derive the energy levels
of the quantum harmonic oscillator. Explain how these levels relate to
Fock states and how they are used in describing the quantum states of the
oscillator.

9. Matrix quantum mechanics and Pauli matrices
Consider a spin-1

2 particle whose Hamiltonian in a magnetic field B along
the z-axis is Ĥ = −γBσz, where γ is the gyromagnetic ratio and σz =[︄
1 0
0 −1

]︄
is the Pauli matrix.

(a) Find the eigenvalues and eigenvectors of Ĥ.
(b) If the particle starts in state |ψ(0)⟩ = 1√

2(|↑⟩ + |↓⟩), find the state
|ψ(t)⟩ at time t by solving the time-dependent Schrödinger equation.

(c) Calculate the expectation values ⟨σx⟩(t), ⟨σy⟩(t), and ⟨σz⟩(t) as func-
tions of time.

(d) This is a model for a qubit undergoing free evolution. How does the
phase difference between |↑⟩ and |↓⟩ change with time?

10. Postulates of quantum mechanics

(a) A quantum system is prepared in the state |ψ⟩ = 1√
5 |0⟩ + 2√

5 |1⟩.
The observable Â = 3 |0⟩ ⟨0| − 2 |1⟩ ⟨1| is measured. What are the
possible measurement outcomes and their probabilities? What is the
expectation value ⟨Â⟩?

(b) After measuring Â and obtaining the result +3, what is the post-
measurement state of the system according to the projection postu-
late?

(c) Verify that Â is a Hermitian operator. Why must observables be
represented by Hermitian operators?

(d) The system evolves under Hamiltonian Ĥ = ω |1⟩ ⟨1| for time t. Write
the time evolution operator Û(t) and find the evolved state |ψ(t)⟩.

(e) Explain which postulates of quantum mechanics you used in parts (a)
through (d).
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